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ant is %% . Then the flow attitude is defined by the ve-
locity componenté wo;  u6 = rw and 'uq and the induced
t

additive velocity 5 - (Fig. 3.)

If the axis of rotation is parallel to the direction
of flow, that is, Vg = O and w = wg,, the corresponding
' w! u! c!
indvced additive velocities would be —59 ' —59 and ~§3-
Simnltaneously it 1s assumed in accord with the geﬁeral
j propeller theory that the Induced velocities at infinity be-
P hind the plane of the blade attain to twice the value even 7
) in the case of propeller in yaw, or in other words, that .
; the small frictional losses on the blades and the jet con-

traction and autorotation of the propeller slipstream are
neglected.

In agreement with the airfoil theory (fig. 3) the
thrust and the tangentisl force of a blade element at the
point (r, §), relative to area rdd¥dr, are:

ds = [4A cos B' - d4W sin p'] &2 =
21
Sa  gtp %; sin B! [__Lm_— 4 drd ¢ (1)

aT = [4A sin B! + aW cos p'7 &2

217
c 2
a v . r € drd ¢ (2)
& gt Y. IR s TR T - S
on 2vP o8 B Ll tan BJ
where zt = total bladé width et radius r; v = effective
air flow velocity, f' = induced pitch angle, .c, = 1ift
coefficient and ¢ = lift-drag ratio (for infinite span) of
the element. '
According to Figure 3: W}
w w_.
3 t = _9-—__*.-__?..__
X sin 8 -
° and o _
w
tan B! = Yo + 2 - 1
' T ug tug ~al T ug - uf2 1
© 3 w,. + ;4 toug w. + wl
0 _2.- (o] p)
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Putting: _ . PAH?ZTQN .-”
_,‘—-l-)” .‘" i ’ ‘-W}L‘ejy Ullwy:
nt = L To_ O\ Hatdd e G
15 w_ + E.‘_. ,l-“‘r"w
o 2
\
ut
oy ’ /
uO - 2w — _/:._62_‘_.:44
o= T | T 1R
Wo + -'2"' O} . (3)
and
v, = W, tan @ sin § = wpk, (4)
yields
sin B! = = -2 P
n'q © s (5)
@ A
: NN
tan B! = A____ AP
P n'ix + nl Ak A (5)
. W
wherein x = % (R = outside radius) and A = i%)= coef-

ficient of propeller advance referred to the axial inflow
velocity and v is approximately replac?d by the undis-
turbed relative velocity c¢ (assuming %; small with re-~

spect to ¢ (fig. 3); m! and m', correspond to the
theoretical and the total induced ef%iciency* of the blade
element in the propeller theory. ‘

: The additive tangential velocity u changes the.ef-
fective angle of air flow of the element”™ i by the amount
Ai, Accordingly its 1ift coefficient is

dca
g = oy + AL 3
. 0
Expressing
de
“&'.—' c! a
L - —= =19p (i in radians)
C ca '
2o “2o0

* The formulas and concepts used, and presumed as known, are
from Bienen and v. Karman's. report: On the Theory of Pro-
pellers, V.D.I., 1924, p. 1237.
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gives

Cy = cao L +p AL] (7)

Making dune allowance for the last relations in egua-

w2
tioas (1) and (2) we have, with op —52 = gt
dg = ——= (1 + Ai) Rq.z2t &2 — x+ n!' k - é}d a5,
S zﬁﬂ'a ( P ) dq Wy N n o X
(%)
Cy . _ : 1.
ar = 22 (1 + D Ai) Rqozt £ |1 + ¢ (D.—l x + n! k\]dxd@'
2m’ o Vo A a v
(21)
which leaves the change in angle of air flow AL relative

to @, relative to the position of the blade element in the
plane of the propeller and relative to0 the characteristic of

the blade profile. According to Figure 3:

AL = (B - B) + (Bo - B) - (B' - B) (8)
- or, when replaciaz the small angle differences by sine
valunes: w

' ' Uq 2
AL = 5O + c - &l
2 cg Co 2c (81)
The induced velocity c! can be defined by the momen-

tum theory, whereby the smail frictional losses, the jet
contraction and the autorotation of the vortex system are
disregarded. The velocity in point (r,9d) is visualized as
symmetrically distributed on the periphery and we write:
. 2 1
dA = cao (1 + p Ai) ztdrp 25 = p2nrdr(w, + %f)c'
and for the case of the propeller in axial flow of velocity

W, with equal angular velocity w:
2 w!

v 0
g 2ztdrp —52 = parnrdr (wo +.—§—) et

o 0

Azain v and v are féplaCed by ¢ and ¢ SO .

. ) o’
thiat these two egquatiodons finally become
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where

Then, equations (8) and (9) cJoencede:

u,w c!
qo“ o _Q.b_]_)
C Co 2 ¢cg \ Cp

Al =

According to Figure 3:

P 2
R A 2 _ -
o = NW + u?, = RWNz + A

(o} -

c

and, by approximation:

110
uq == N
£ =1 + —-2 =1+ KAt <
c c X% + A
(o]
o]
—CQ =~ 1 - kA% __,
2
x + xz

2
which is equivalent to neglecting the terms with Xk, axnd

¥ = tan ¢ sine § <1l, or better tan @P< 1. In addition:
!
0
"ot o
_______ 39 =
w, - o0 Yo
cly 0 2
5—— = tan (B'o - Bo) =
200 w!
w, t 0 @
° 2 0
1+
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or with
u',
n - —
0 v
o
W'o o
LS e
.clo ) %
——== (1 - m;) A———zg———r (11)
2 co * xC + A°
ni3
here ny = induced efficiency of the blade element at radi-
us 1r of propeller in axial air flow of w, Vvelocity.

Now equation (10) Tbeconmes:

x A\° " be \ X : x
— 55 l1-kA——=— -1-ms3 ) A\——F——x (1=X kg Smmrs b-1
X% N\° ( = + >\2> @ nl/z\nix2+ A= [\. x4+ A°
Al =
1+p(1l-my) b <1+kx - 2>K R (101)
X+ A X + A
The determination of b is obtained from Figure 4,
. . . . c! c!
where ¢! 1is geometrically divided into _§L // _§Q and
¢! 2
-2 1 ¢! vpecause:
2 2
1
Wl W‘ w 2
3 — w. + -l —=
1 - 7o 2 _ _° 2 4 2
bW, o+ zig' wo + "o W, + o
2 2 2
c!

c ' c! ' 1 :
When —z*- // —51 and —EL ~ =L we may put

) 1
I T— + S
° 2 _ % 2
1
w + %o co, + c!
2 2 {
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(10'), we can define
tions. The thus obtained b
the numerator and denominator
cording to %k and (1 - my),
be considered as being of the

E N3 nix2+ AZ

X+ A2 nix+ p(l-mi) A+l

A1 =

8 ¥o. 696
and
e w!
'z_a = c! Ai-ﬁg;i_gz
2 2
or
v‘z !
i L Tt R
_.__.—_..2_ _____ = 2_1_ Ai ——————— = 9.—. A-j_ =
- wig 2c - w'lo 2c b
04 —— ot 5
2
Finally the last equations yielad:
' 1
Wy + ZLE 1+ 20 '
b = 2 = 2 Co (1 - Az €Y
wo + W' cly o c/ (12)
2 1l T
2 cgycly
. . . : , k\?
Putting b =1 4in equation (9) and Ai = ~5—X§
X+
in eguations (9) and . (12) as first approximation from

b by means of the first two equa-

value inserted in (10!') and

of the latter developed ac-—
in which both guantities may
same order, then obtains to

2
, x%+ uPE:

(the terms of the second and higher order being neglécted.)

Por the case of zero load factor of blade element

(OI' nj_ = l)l

its change in angle of flow becomes

(1071a)

(change in angle after neglecting the induced additive ve-

locities,
angle.)

which may be expressed as geometrical change in
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But Ai drops considerably from this value with the
load rating (fig. 5) which indicates that the angular

‘change is reduced by the autorotation: - -From this it is.

seen that highly loaded propellers are less sensitive to
sideslip. Figure 5 shows, aside from the AL curves de-

fined from (107''), those accurately computed according to
(8'), (9') and (12) at Xk = + 0.2 for different Ax as
parameter versus 'my, (Ax = coefficient of advance at ra-

dius x). It becomes_manifest that the exacﬁ. Al values
are subordinate and becdome greater only by higher load rat—
ing. '

Now it should be of interest. to examine more closely.

the distribution of the induced additive velocities due to
sideslip g - To this end it is assumed that the angular

change Ai 1is, in first approximation equai to the geomet-
rical, i.e., to the neglected induced additive velocities

2

Alg = BN 1 - k?\___f_“_]

x2+ A° x4+ A

Then, when expressing the corresponding velocity com-
ponents as wlg = w'- W'o, u's = nu' - u!o
and

VAR 2
CIS_—:. w‘s +u|s

x
V= S . W 1
wlg o ———g C g vl NAREINEE) °s
x4+ A x4+ A
and
Y WU
o o
x2 + A Vx® 4 a?
equation (9) yields:
' 1 ' 2
s o= ls o ETg = pk —D (1 N X (92)
cty w', uly 22 4+ A2 NERY
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The last equations give a clear picture of the distri-
bution of the induced additive velocities in the plane of
the blade due to sideslip. Their ratio to the corresponding
induced velocities of the propeller in axial air flow, i.e.
when ug =0 and w = w,, diminishes considerably with
the radius after having reached the maximum in the vicinity
of x = A. The distribution over the periphery is in first
apvrroximation conformably to a sine curve.

The total thrust and the torque are scarcely changed
in their mean value by the yawing position of the propeller,
and can be computed according to the usual method of the
propeller theory. The two values increase in the half of
the plane of the blade where k = tan ¢ sine § is positive
and decrease in the other half, so that the mean value re-
mains practically constant and equal to the propeller in
axial air flow of w, velocity and with the same revolu-
tions. On the other hand, the center of gravity of the
thrust is, under these circumstances, no longer in the pro~-
peller axis, as result of which a yawing moment perpendicu-
lar to the axis of rotation is set up with respect to the
propeller axis. Simultaneously there is a mean tratsverse
force, perpendicular to the propeller axis, as a result of
the unsymmetrical distribution of the tangential forces over
the periphery.

The position of the resultant thrust which, moreover,
is counted parallel to the propeller axis, is defined by
coordinates of its intersection with the plane of the blade:

2T N
S /S ds x R sin &
X 0 0
0 =
211
S 4as
0o 0
ﬂ !
f dS x R cos 9§
z = 20 -
° 271

44 s ) (13)

The transverse force components are:
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21
Qe =/ j‘ldT cos &
. ... 0o B
2171 : . - .
Q, = J /4T sin § (14)
o o ., .

In equations (1!') and (2'), n'y and m'y can be

replaced by their mean values mg and i3y and considersd

as being equal to the respective gquantities of the propeller
in axial flow (constant over the periphery). It is, namely:

w'o
onl : w + ._..._...
&y = ~_°___,__?'_~
m w

a W, 4 ——
° 2

wherein b becomes smaller or greater than 1, according
to whether k 1is.positive or negative and, for the rest,
deviates only at large %X values and in the neighborhood
of the hub more appreciadbly from 1. This also holds for

My
Thus the replacement of Ai in (1') and (2') by
equation - (10') reveals that

2

S /4SS x R cos & = O
0

O\E

and .
2T 1

S /4T cos § = O

o 0

i.e., that the resultant of the thrust intersects the plane

of the blade on the X axis (fig. 1) and that the transverse
force of the propeller lies on the 2 axis. The vectors of
the yawing moment and of the transverse force therefore coin-

cide with the Z axis.

Developing the other two equations (13) and (14),
omitting the small terms of secomnd and higher order and in-

tegrating according to § , then results -in:
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Yawing moment of propeller:

, N i1c. 2%
¥ = §X, = %% R%q, taim { a v x? +A\®

x 2 X
IT] +"q. ——— e — >\’ ——————— +
X[a 1X2+ }\'2 € x 2 + }\2
+ p ¥ D}i‘ (2ny - 1) 2® - ¢ (2ng - 1) x2 + myhx - e\”

dx

(x2+ A2)(n;x%+ p(1 - m3)hx + N?)

wherein 8§ = mean thrust, and the transverse force:

1c.zt
2 t a
Q = — R a, ancpof

x + A
2 A N
- X X2 N+
A e )

P Ni (an; - 15 x3+ (2m3 - 1) 22+ eniix + A®?
+ pJE A : : - dx
(x® +%ﬁ)(nix? + p(1 - ﬂi)%.x +A%)

(153)

To make the formulas clearer we insert

. A
M= 2
)\X KX 1+>\"X2
Ny = T n_- VF—‘“"—“‘
Yooy e Ma Mgz
_ M - _Q
C. = ——ho c, = —=%—
Rmq R ¢ R3%q
and .
w
o L0
Jo. % = cos® ¢
q w
o —-
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with A = geometrical and A = induced coefficient of
gdvance on peripheral radius x and cp = yawing moment
and - cq = transverse force coefficient. T

Therefpom follows:

Cp = <__I‘~>sin2_cp' | | (181')
Cq = ysin 2 ¢ | (187)
where ';
T e VR
= - [cazt x ~
4:3’” o) )\,x LY/ 1 +>\’| P~} >\'
* 2hg- Np 3
.2 < x
(1 - ek&) (hx+ —————————— >
Ay
- €+ p xdx (15")
L+ p (M= A + A
1 fl M 1
y = - [cyzt
M S N N2
2hg = A
2 x x
+ N
2 + sz (k% €) (Ax Ay >
1+€ == +p ‘ dx
Ay 1+ p(Ng -~ Ag) + A
(15%)
cly dca
Note, that c,, € and p = - (C‘a = 7 i = angle
a :

of attack of profile in radians) are for infinite span.

The last two equations offer a basis for the examina-
tion of propeller energy and for its dynamic effect under
practically any lilkely running condition.

With the present system of coordinates (figs. 1 and 2)
a propeller rotating with velocity w at an angle to its
axls and with angular velocity w is subjected to the follow-
ing forces: a thrust in the Y axis (axis of rotation) con-
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trary to axial component w_- and a transverse force in the

2 axis in direction of the transverse component w, of
' o

the velocity of air flow, a torque about the Y axis con~
trary to rotation w (and equal to the engine torgue) and a
yawing moment about the 2 axis, both - viewed contrary to
velocity components w, and uqo -~ in the same effective

direction. Thrust and torque are, as already shown, scarce-
1y dependent upon g when the axial component of wy, and W
remain constant, and equivalent for the propeller in axial
flow. These two principal forces are readily computed.*

The transverse force like the yawing moment is depend-
ent on the angle of attack of the propeller, in addition to
being largely interdependent with all its parameters, that
is, with the blade form and characteristics of the blade
profiles, the coefficient of advance and loading and its
course over the radius. These guantities being defined in
the design for normal coefficient of advance, the desired
forces are readily obtained by graphic integration from
(15%") and (16"). It is merely necessary to write the
Ay values in the respective formulas, which correspond to
the propeller load curve corrected with K = f {Rr(1 - =),
z, sin)p'], to insure "finite number of blades." (Refer-
ence 3.) For studies of propellers under operating atti-
tudes at other coefficients of advance, (reference 4)
Troller's graphic method for propeller polars is of advan-
tage. He uses an auxiliary diagram (fig. 6) which shows

c,zt
the _éﬁ“ values for different Ay as parameter versus

X
angle P'. = arc tan A'y . The basis of this diagram is
the formula

EQEE = 811 - fﬁiijx - Kx)
xR M1+ MgZ (1 + Aghtx)
from the general propeller theory.
. d
Putting %2 = coustant, which is acceptable for
di

practically all profiles in the usual angle of attack range,

*See reports cited here as well as others by Th. V. Bienen,
Th. v. Xarman and Th. Troller.
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c,zt
a
and tracing (_;i_ corresponding to normal operating atti-
(o}

tude in the graph, a straight line at slope -

a[&ﬂ] I
xR | 4cg gt '

cazt

‘can be drawn through this point, on which the _2__ val-

"XR .
ue of all other operating attitudes lies. ZEven the exact
feca = f(B'4)] curves of the respective profiles can be

traced for this purpose into the diagram in the %ﬁ scale.

Then we define through the intersection of the particular
Ay line and the straight line '(or EQEE) curves the cor-
xR

responding B', and Ay value. To account for the "finite
number of blades" the ordinates of the straight lines and

cy2zt

—%ﬁ— curves are multiplied by factor X = f[R(1 - x), z,
.S

sine B';}, after which the B! and A'y values corres-

X :
ponding to the given Ax can be read on the abscissa. In
this manner the necessary A, , cg, (‘ - E_éi> and ¢
Ca

values are readily obtainable for any operating attitude,

An eiample will illustrate the magnitude of the yawing
moment and transverse force with a certain propeller as
well as the shortest method of calculation:

The dimensions of a propeller for a high-speed airplane

are:
Outside diameter D=2.50 m
Mean l1oad factor g = 0.20
Normal coefficient of .
advance A= 0.312 W =7 8¢
Froduced thrust S = 290 kg ‘
At flight altitude H= 3,000 m . ,.
With flight speed . w = 290 km/h /500 Lo
Engine power, sea level ¥ = 3850 hp
. Revolutions n=1,980 r.p.m.
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The propeller was designed according to the Bienen~
v: Karman method under the assumption of optimum thrust
grading with a view to friction and finite blade number.
The blade profile characteristics, constant across the
whole radius, are: '

cy = 0.80, %%§-='4.9, - p= %%? = 6.10, € = 0.02 .
TABLE I. o
A |x= r/R .28 | .36 | .48 .60 .72 905 g | ¥
cozt(m) | .394 | .400 | .400 | .359 | .288 | .158 ;
Ny |1.115 | .866 | .650 | .520 | .433 | .345 I
Ay | 1.280 | .991 | .740 | .589 | .488 | .382
312" g | | 063 | .0685 -
— .0295| .0470| .0775| .100 | .111 | .090
9%% .0975| .0950 | .0880| .0740| .0560| .0285 |
czt(m) { .180 | .175 | .180 .170 .153 .0883 '
Mg | 1.43 11.11 854 | .666 | .555 | .442 | |
M. 1.5 1175 | .87 | .70 | .585 | .463 | |
40 | 13.10 13.95 [13.60 [12.95 [11.53  {10.95 .043 | .066
€ .037 | .040 | .039 | .037 | .033 | 031
48 1 o196 .05 | .0305| .0672 .0772| .0620
%ﬁg .0940| .0910| .0845| .0720| .0555] .0280
cozt(m) | .564 | .570 | .558 | .476 | .378 | .210
Ay | +893 | .695 | .521 .417 .347 .276
| Mg | 1.107 | .854 | .630 .500 421 .328
.25 p | 3.3¢ [3.3¢ | 5.43 | 3.96 | 4.0 4.0 .079 | .064
¢ | .oz | 027 | .023 i .020 | .020 | .02
%%g- ! .0365' .0545 .0945i 123 | .139 | .117
av | f |
4o | -000: .0885| .0830| .0708 .0550% .0290

|
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Table I demonstrates a suitable calculation scheme.
The.calculation was also made for other operating attitudes
(M\.=0.25 and A, = 0.40). ‘It is seen that whereas the
coefficient of the transverse force changes very little
with the operating attitude, that of the yawing moment in~

creases considerably at small coefficients of advance.

For the normal A = 0.312

ey = 0.063 sin 2 ¢ °

and

cd = 0.0685 sin 2 @

or .a yawing moment

M= I?:"rrq Cn 39 kxg/m

and a transverse force
Q= Emq cq = 34 ke

for @ = 10° and the prescribed operating conditions of the
propeller. ’

The thrust is shifted along azxis X by the fraction
of radius

= 13.5 per cent
and the ratio of transverse force to thrust is

%~= 11.7 per ceat

For comparison we have compiled in Tables II, III, and IV,
and in Figures 7 and 8 the results of the experiments (ref-
erence 5) made in the National Fhysical Laboratory, together
with figures obtained from equations (16') and ,(16").

The model was a four-blade propeller with M = 0,865 m diam-
eter and normal coefficient of advance A ="0,235 and o =
0.365 1load rating. Blade width, profile characteristics
and coefficient of advance over the radius are given in
Table I1I.
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TABLE- II. ,
& e G aen 162487 47,2 2770 .5t
A x = /R .15 .30 .60 .90 V¥
ezt (m) .108 117 .111 .061 ‘
A gL e i A 674
Ca o L :
- 1.568 .784 .392 .261
a;‘f.‘ & 36!
1 2.05 .922 .470 .310
AF e Y2.7 At
.235 P 3.50 4,75 6. 50 6.95 .0725
Civ Ve 4,20 4,97 4,70
é .060 .042 .032 .025
Coaii-iit | = RO
%T£ 077 .097 .086 0433
X
cyzt (m) .0690| .0695| .04l11
>\' 1‘00 .50 1333
b <
X 1.102 .543 .362
X
30 D 8.05 [10.55 110.30 .071
¢ .056 .037 .038
a ¥y .093 087 .0437
dx n
)
¢zt (m) 164 | .151 | .o77
"\_': A_._ bl IARES ('5{:1:
' .60 .30 .20
>‘x
N .779 . 4075 .267
X
.18 P 3.39 4.77 5/.5@ .080
S g, oo n 2 -
a¥ .1055| .0925| .049
d x
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i TABLE III.

e° 5 10 15 20 25

Calculated A = 0.235 | c_ | .0126|.0248|.0362|.0466|.0556

A | .244 |.226 |.222 |.217 |.213

Measured leg | -0186.0246 |.0856.0470 .0587
TABLE IV.

7 565 , 739 4] 993
. A .18 .235 i .30

Calculated AR .080 .0725 .0710

o PRI AN 0390 038 %- D37 E

oM l.150 |.171 |.187 |.203 |.226 |.247 |.278 |.292
Measured at @ = 10 4| 9955).0850].0815}.0755/.0720|.0705/.0670|. 0730

The comparison shows close agreement between our for-
mulas and the experimental data. Table III and Pigure 7
show the ¢ values for A = 0.235. Although the measure-
ments did not exactly obtain to this figure for A, it
nevertheless was not necessary to correct the data, because
the coefficient of transverse force in this range is prac-
tically unaffected by A, {(Fig. 8). TWhen it is noted that
our experiments were confined to small kX values (tan® < 1)
the ambit of agreement appears abundant, the more so, since
according to Figure 7, the discrepancies of the theoretical
curve from the true attitude will not be abnormally large
even above § = 2509, -

The calculated and measured VY values for variable
coefficient of advance A are compiled in Table IV. The V
values determined from (16") were arrived at from the data
in Table II and Figure 6, whereas the test data were extra-
» polated conformably to (16'). These data are plotted
' against )\ in Figure 8 on the theoretically fefined points.

. . a
The load curve ¢ = —— evaluated from the measurements
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ig algo given for comparison.

It is manifest that the change in proportionality fac-
tor 1 of the transverse force for a given propeller of
stated shape and dimensions with A\ is insignificant, as
moreover, is readily seen from (15") and (l6"). TFor
certain propeller dimensions the 1ift coefficient of the
blade profiles becomes lower by increased A, and p =
C'

?;? correspondingly greaier and vice versa. It follows

from this, that when disregarding the inferior effect of
' .
the change in ¢ and %%1’ the proportionality factor @
7
of the yawing moment decreases as A 1increases, whereas
that of ¥ remains practically constant. This fact is
very significant when noting that the increase in A is
followed by a lower propeller-load factor (fig. 8) and by
a markedly higher ratio of transverse force to thrust.

The very fact that ¢ does not 'change with the co-
efficient of advance and consequently with the flight
speed, makes it possible to demonstrate the effect of the
yawing propeller on the stability of the airplane very
clearly.

Assume, in place of the propeller, an airfoil of sym-
metrical profile 1s rotatably disposed about the propeller
axis, that is, in such a way as to be able to automatically
assume a setting perpendicular to the YZ plane (propeller
axis - flight direction), and in the XY plane. Then the
transverse force of the propeller can be replaced by the
1ift of this airfoil, provided this 1ift is always counted
perpendicular to the propeller axis. For normal profiles
in the usual range of angles, a fairly close approximation
gives the 1ift coefficient as

cag = o sin 2 ¢ (e = constant)
with ¢ = angle of attack, figured from the (c, = 0) line.

After aprroximating the usual geometrical profiles at o =
2, the magnitude of this area (1ift = transverse force) 1is

= :.j[_. % =_‘J[__2.
fq 1t = R T ZRTT

and the transverse force (1ift):
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Expressed in this form the term lends itself readily
for use in the stab111ty equations.

Now in order to Justify any general remarks about the
behavior of a propeller in yaw the terms (15") and (16")
must be rid of the propeller dimensions (zt and R).

This is accomplished by means.of equation (1), which,
transformed reads: '

_ as _egzt 1 4+ AP 1 - EN; W
9 = zrmar g 2rm M VT E | |
or _ & (1a)
cp2zt = 21Rx O M Lt Mg
1+ Mg 1 - ell )

The last equation, written in (15") and (18"),

leaves it dependent only on 0y and Ay and an
\ ;

(p = -2 and €).
Ca

Now it is readily apparent that the § and ¥ values
increase with Ax for constant Ox and profile character-
istics (p = c¢'s and €). 1In other words, the ratio of the
cq and Cm values to Ox 1increases enormously with A%

under these circumstances. By constant Ax and variable
propeller loadings this ratio varies only slightly with the
load rating and shows rather a tendency to drop at its in-
crease. '

For the first approximation of the propeller force an
older formula .of the author can be used. To integrate
equation (14) over the radius the blade numver was assumed
infinite and the total blade width expressed by

1 - me. 2 2
zt = BmR —— it A X
Ny Ca (x 2+ N) ya/z

as function of the radius, which is equivalent to the 1load
distridbution ' ' '
LOY, L omy x2
o, = 4 1

X nqﬂixz'_l_)\z
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elo_ . Wo _
2 Co 2 Yo 'ﬂa
and mny were kept as constant across the radius.
proximation formula reads
[od = 4 i 2
a v, 0 sin 29
where
' 1+ A°
v = 1 }\. \‘( _ 1 +
1 \1n
4ﬂi 2 }\,2 l 4 )\,2
1 - R 1nEEAT
A2 .
+ € 2 + Aarc tan & +
ﬂa(\ 21X
clg @ng - 1 A
2 a. 573 [(1 + 2s®) arc tan % -
Ca Mg (1 + s%)
1l + 52 A
- 2T B _ (A4 s + €n.)]}
3
1+ A +

and

1 - 'na cla

s = e —

na Ca

The mean efficiencies can bte determined from

ny = —l 1 - oA\d
1+4/1 + 0

with O = mean load rating.

- replaced equation (11) and mn,

The ap-

(17)
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For the example in question the formula yields

¥, = 0.223

or
Cq
— = 0.223 gin 2 @
(0]
For ¢ = 10° angle of attack of propeller it is %g - 7.g
(o)

per centiagainst the more exact value of 11.7 per cent.
RESUME

The theoretical analysis reveals that a propeller in
yaw is subject to axial thrust and torqgue and in addition
to a transverse force and a yawing moment. The transverse
force subtends the axis in the plane defined by it and the
airflow direction, and acts in direction of the sideslip

component uqo. ‘The force couple corresponding to the yawing

moment lies in the plane through the propeller axis and a
perpendicular to this and the direction of flow, and acts,
when viewed opposite to the axial and transverse velocity
component, in the inverse direction of the propeller rota-
tion. TFor lightly loaded propellers with high coefficient
of advance, that is, din high-speed airplanes, these forces
can be comparatively great, and thereby affect appreciabdly
the airplane gtability and flight conditions during climbdb
and banking.

The transverse force may be assumed replaced by the
1ift of an airfoil disposed perpendicular to the flow di-

- A
rection of dimensions 1 t = (;ﬂ —————— 2 R?ﬂ /» whose

(cy = ) 1line is‘coincident with the propeller axis.
This representation reveals very clearly the relation be-

"tween the transverse force of the propeller and the effect

of the tail surfaces and thelr effect on the stability of
the airplane..

This effect is particuwlarly important in airplanes
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with propellers mounted far ahead (or back) of the center
‘of gravity. The computed axial thrust and torque undergo
no perceptible change in mean value for the propeller in
yaw, although its variation about the mean value which is
of the order of magnitude of the transverse force and syn-
chronized with the rotative speed, may induce dangerous
blade flutter as well as vibrations in the whole propeller-
engine unit.

II. EXPERIKENTS ON THE EFFECT OF THE SLIFSTREAM

ON THE CONTROL SYSTEM OF AN AIRPLANE

Part I of this report describes the phenomena produced
in the plane of the blade as result of the yaw of the pro-
peller against the flow and relative flight direction. It
was proved that thereby the air forces acting on the propel-
ler can momentarily be changed materially.

Accordingly the flow pattern aft of the propeller will
also be different, so that the air forces on the parts of
the airplane within the slipstream can be appreciadbly af-
fected. Ordinarily the mean direction of the developed
slipstream, even apart from the spiral, deviates from the
flow direction and alters, above all, the effective mean
flow angle of the affected surfaces. But the flow picture
is very complex and not very readily amenable to analysis.

So in order to obtain a clear picture of the slipstream
form and particularly of its influence on the controls, we
explored the flow behind the propeller and its effect on a
fin by experiment.

1. Test Arrangement and Method

The experiments were made on the propeller torque
stand in the wind tunnel of the Aachen Aerodynamic Institute.

The model propeller (D = 0.40 m diameter, fig. 9) was
driven from an electric motor mounted on a post rotatabdle
about two mutuwally perpendicular axes (figs. 10 and 11).
The propeller axis was turned in the vertical plane against
the flow direction. To minimigze flow disturbances, we re-
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gorted to fairings. -(See fig. 10.) The propeller revolu-
ttons -were recorded By stroboscope. The thrust was recorded
in axial direction by a suitablé diarhragm or thrust meter-
Ing box. The instrument for recéording the speed in magni-
tude and direction is shown in Figures 12 and 13. The stat-
ic pressure gauge A is rotatable about two mutually per-
pendicular, axes meeting in the test point, so that the po~
sition of the test point remains unchanged. The opposite
static tubes of the instrument are connected to U tubes

B. When the axis of the static pressure gauge is coincident
with the velocity direction the static pressures in one pair
of tubes equal that in the other pair. "Then, when the U
tubes are set to zero, by turning the instrument, the angles
formed by the air velocity with two mutually subtended
plazes can be read on disk € and plate D which are
marlzed off in degrees and vernier division. The zero posi-
tion on both degree divisions is determined in the same way
by stopped propeller, The sensitivity of the test appara-
tus for angle changes can be regulated as desired by using
more or less slopiang U tubes. For speed quantity measure-
ments the inner, shielded tube is connected with one of the
outside to a manometer. :

For investigating the slipstream effect on a &wing
within its range, a fin with symmetrical profile of 600 mm
span, 200 mm chord and 20 mm thickness was horizontally sus-
pended on the test balance, so that the leading edge of the
fin intersected the propeller axis at right angle, 1.10.m
distant from the plane of the blade. The air loads on the
fin were measured with suitable diaphragm boxes.

The measurements were made for different angles of at-
tack cof the propeller axis against the air flow direction,
i.e., @ = 09, 59, 100 and 15°, constant =n = 2,500 r.p.m.
and two air flow velocities corresponding to gq = 7.5 and
15 l-zg/m.2 dynamic pressure, the axis being turned in the
vertical plane. Magnitude and direction of the velocity in
the slipstream was measured with the above described instru-
ment in three successive cross sections parallel to the
plane of rotation at z = 0.11, 0.58 and 1.16 m-'distance
from the latter, that is, along one axis lying in the ver-
tical plane and one perpendicular to this in the stream
center.  The instrument was carried in these two directioas,
as seen in Figure 14, and was adjustabdle parallel to:the
flow direction by means of a tube. The center of the
stream could be accurately defined with:the static pressure
gavge, because of its quick reaction to the sudden diree-—
tional changes in velocity in this point, When the instru-
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ment in the ceénter itself is:-set parallel to the vortex axis.
the manometer columns return to zero setting for reasons of
symmetry and give very severe deflections even when only
minutely displaced from its position.

2. Results of Tests

The primary objec¢t of the measurements was to gain an
insight into the form of flow behind a propeller. The re-
sults are shown in Figures 15 and 16 for two running condi-
tions. The velocities parallel to the stream center line
are plotted against the distance from the stream center.
The center line is defined by the center points in the in-
dividual cross sections and shows at the same time the mean
direction of the propeller slipstream. The slipstream re-

mains, independent from the angle of attack of the propeller,
anproximately CVlﬁndrlcal and its boundary with the dis-
tance from the plane of. the blade becomes only little in-
distinct because of friction. The jet contraction is only
slizhtly perceptible directly behind the propeller, after
=hich the sllpstrea slightly diverges again.

The air speed in the plane of the blade is the result-
anxt of inflow and induced velocity. As shown in Part I,
the air forces of the blade elements and as a result there-
of the induced as well as the total velocities for the pro-
peller in yaw are unsymmetrically distributed over the pe-
riphery. The phase of this distribution is shifted by the
autorotation of the vortex system with the distance fronm
. the plane of the blade in relation to the radius and rate
of slipstream rotation in the direction of rotation of the
propeller. This likewise alters the velocity distridbution
across the radius with respect to the distance from the
plane of the blade.

The mean_direction of the slipstream is defined as fol-
lows: the propeller experiences, aside from the mean axial
thrust (leaving out the torque), a force component perven~
dicular to this, which in the present case is upward in the
vertical plane. Accordingly the air guantity traversing
the plane of the blade is accelerated in both force direc-
tions. The resultant mean air speed in the slipstream is
therefore geometrically composed of the additive velocities
corresponding to air flow velocity and the cited forces.
Figure 173 . the slipstream direction is graphically shown
for both running conditions with the respective p = 59,

10° and 1509,
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The transverse force for the model, computed according
=t0-the.known method, was '

s = % = 0.125 sin 2
¢, = —s=— = 0. sin @
4 Rzﬂq

The mean induced additive.veloeity'corresponding to the
thrust was taken from the measurements in cross section
z = 0,11 m ©behind the propeller, wheredy

1
¥ a-= Cq
w'g o)

for the other velocity component.

For ¢ = 5% the thus defined mean slipstream direc-
tion is in close agreement with the test data. With ¢ =
10° +the measured angle between mean slipstream and air-
flow direction is somewhat smaller, and with P = 159 it
differs considerably from the caleculated value.

This discrepancy is due to the following: calculation
did not allow for the fact that the propeller slipstream,
when obliquely flowing into the main stream, is surrounded
by the enveloping fluid. (Fig. 18.) Now there is a pres-
sure difference on the area of discontinuity because of the
probable vortex separation on the downstream side, which
deflects the slipstream toward the air-flow direction.
This effect is however, insignificant except at unduly
large @ , so that in this range the mean slipstream direc-
tion can be quite clogely approximated by the above method,

With the same working conditions of the propeller we
then investigated experimentally the effect of the slip-
stream on the air forces directly on a fin with symmetrical
profile (span: 600 mm, chord: 200 mm, thickness: 20 mm),
which, conformably to the horizontal tail unit, was placed
horizontally about 1.10 m behind the plane ‘of the blade, so
that its 1ead1ng edge met the propeller axis.

Figure 19 shows the test data for the two operating
attitudes with different ¢ as parameter in the ¢y = f(ar)
diagrams, Cg being the 11Tt coefficient referred to total
fin area and air-flow velocity, and af the angle of attack
of the fin. When the prgpeller axis is parallel to the air-

|&-IIIIII (LRI
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flow direction the slipstream dlso is axial and the fin is
in its center. Its angle of attack, because of the slip-
stream rotation, increases on one side and decreases on the
-other in the same measure. The result is anunsymmetrical
1ift distribution (reference 6) about the longitudinal axis
which is opposite to the propeller torgue and balances it
in part. The mean l1ift however, remains about the same as
if there were no rotation in the slipstream, and it may bde
considered as being dependent on the axial velocity only in
this case, i.e., that the fin loading increases with the in-
duceé¢ axial velocity and the load rating of the propeller,
But ordinarily, when the propeller axis slopes toward the
flow direction, the mean rate of advance in the propeller
slipstream also deviates from this direction, and thereby
changes (that is, decreases) the effective mean angle of
attack of the fin. On t0p of that, as @ increases the
fin emerges more and more from without the slipstream, so
th%; in our case it is no longer in contact with it when

© =159, (Figs. 15 and 16.)

Based upon this reasoning the conditions may be brief-
ly suvummed up as follows: when the propeller axis is paral-
lel to the direction of flow the 1ift of the fin is in-
creased by the increment of the rate of advance in the pro-
peller slipstream. Turnirg the propeller out of this posi-
tion, the 1ift then deviates from this value, partly be-
cause 0f the decreased effective mean angle of attack of
the fin and partly as result of the emergence of the fin
from within the range of the higher velocities. In Figure
19 this is so displayed that the rise of the 1ift curves
c, = f(ag) decreases with ¢ while simultaneously being

shifted parallel to the axis of the abscissa.

Another diagram traced by means of the fca = f(af)]
diagram in Figure 19, is Figure 20, which shows the 1ift
coefficient of the fin versus ¢ for different fin dis-
placements with respect. to the propeller axis af,  as

parameter. Here the rise of the [e;, = f(®)] is seen to
increase with the load rating of the propeller, i.e., that
the effect of the velocity increase in the propeller slip-
stream predominates.

Any calculation of the air loads of a blade surface
within the slipstream must first of all make due allowance
for vansymmetrical velocity distribution and limited range
of higher velocities, that 1is, of the same order of magni-
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e mean velocity far.behind the propeller is lower because of
the friction and its distribution is altered.. For parallel
_ position of propeller axis to direction of flow, the ratio
! " of the mean additive velocities at distance 0.11 m and 1.16
m behind the plane of the blade is = 1.25 for A = 0.213
and = 1.14 for A = 0.300. The fact that the velocity dis~
tribution far behind 1is altogether different from that in
the plane of. the plate and load distribution:(see figs. 15
and 18) renders it, moreover, difficult to find the inter-
dependence between propeller loading and control surfaces.
Computing the 1ift of the fin according to

r

)

3

3
;1 tude as the dimensions of the surface. In addition, the
o

J

I

[ 2
A= ¢ tdxp ¥
a J bz 3 (18)
wilere w = velocity far behind the propeller, yields abnor-

mally high figures.

The ratio of mean velocity of advance in the slipstream
far benind the plane of the blade to the undisturbed flow
velocity is by approximation according to the propeller
theory:

= s 1 + O

W
Vo

( 0 = mean load factor of propeller.) With the 1ift pro-
portional to the square of the speed and the measured value

for 0 , equation
(o] ’ 3
e, ) (19)
yields _
for A= |0.213 - —= =] 2.05
: Ca .
0.30 - .1 1.42
wherein Cg = 11ft coefficient of a supporting surface in
0
undisturbed flow andéd ¢ in the slipstream, both referred

to thhe undisturbed flow velacity.
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When extrapolating the ¢, values from the plot in
Figure 19, which are referred to the total fin area 1t =
600 X 200 mm, according %o

1 Ca "( 1 - D)cao

(o] =
a, D
(D = propeller diameter), the measurements yield.with
Ca
A = ]0.213 -« ——L = 11,55
o
0030 - 1.24

Here the discrepancy between the theoretical and tae
experimental ¢ values is markedly pronounced. It is
largely due to the lower mean velocity in the slipstream as
result of the friction, because, when we substitute for w
the mean velocity messured (on the fin) in the cross section
1.16 m distant from the plane of the plate, and when we com-
pute tae correspondlné c, values according to (18), we
have with

1 Ca

A= (0.213 - —=— = {1.53
Ca
)

l0.30 - 1.20

This shows that the air loads on a supporting surface
within the slipstream are in close approximation proportion-
al to the sguare of the mean velocity (referred to pronel-
ler disk area) at the particular point. However, this ve-
locity is severely slowed up by the air friction and very
differently from the theoretical, defined according to the
usual propeller theory, which makes mathematical analysis
of the forces diffiecmnlt,

The effect of change of flow direction in the slip-
stream is, as FTigure 19 reveals, inverse.

Assuming the angle between flow and mean sl1pstream
direction as proportional to ¢ , that is:

2
)
2]

<
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“the effective mean angle of attack of the fin is:

a. = o - - ap = (1.-k) - Qe |
) @ Y fo @ fo
and by constant velocity:

c, = constant, a_ = constant [(1 2 k)¢ - o g
a e o

The rise of the ¢, (¢) curves is therefore diminished by
the slipstream deflection in the ratio of (1 - k). The
emergence of the fin from without the slipstream acts in the
same sense. . .

On the basis of the last diagram (fig. 20) it can
finally be ascertained that the stadbility of the airplane
is increased by the effect of the free slipstream on the
horizontal tail surfaces and that this effect grows with
the load ratiag of the propeller.

SUMMARY

The guantity of air whica the disk area described by
propeller blades travels through, is accelerated rearward
coarormably to the momentum of the forces acting on the pro-
peller. This accelerated air mass forms behind the propel-
ler the so-called slipstream, in which among others, the
mean velocity of advance is increased. :

If the propeller axis slopes toward the relative flight
direction, the slipstream direction likewise changes, i.e.,
it sets up a downwash behind the propeller. It was shown.
how this deviation can be mathematically defined. The cal-
culation is in close agreement with the experimental data
except for abnormal slope of propeller axis to air flow di-
rection; with appreciable slope the momentum of the slip-
stream is partially split up in the surrounding air becauvse
of the circulation, and the downwash of the slipstream is
diminished.

A control surface attached behind the propeller finds
itself in the range of higher velocities and downwash by
the yaw of the propeller, which increases with the slope.
The effect of the velocity increase 1s much more pronounced
than that of the downwash, as a result of which the dynamic
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effect of a horizontal tail group in the slipstream isg
thereby increased.

The deflection of the slipstream from the air-flow di-
rection can, at least for. small yaw, be determined from the
running conditions of the propeller. But the effect of
speed increase cannot be resolved with the conventional
methods of airfoil theory, because the flow is very differ-
ent from the uniform potential flow. . Besides, the velocity
in the slipstream is not only slowed up by the friction,
but its distribution also is totally different at the place
of the attached surface from that in the plane of the blade
and the thrust grading, as result of the coiling up of the
spiral vortex surfaces.

According to the formula

3 2
A=c, [ tdxp E_
o 2

fthere w 1is, as before, the velocity far to the rear
of the plane of the bPlade, the 1ift of a surface placed in
the slipstream is too high. To insure the exact amount due
account must be taken of this quoted slowing uvp and differ-
ent velocity distribution on the surface together with the
fact that the range of the higher velocities is of the same
order of magnitude as the dimensions of the control surface.

The effect of the slipstream on the control surfaces
and through it on the stability of the airplane can become
comparatively great especially with highly loaded propellers,
a fact which must be borne in mind in exact investigations
of flight conditions and stability of airplanes. The exact
determination of this effect is impossible until all thae
cited flow phenomens in the propeller slipstream are amena-
ble to more precise theoyetical and experimental analysis.

.

Translation by J. Vanier,
National Advisory Committee
for Aeronautics.
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